
An Online Learning Approach 
to Networking Problems

Fang Liu1

Joint work with Yin Sun2, Sinong Wang1, Zizhan Zheng3, Joohyun Lee4, 
Swapna Buccapatnam5, Atilla Eryilmaz1 and Ness Shroff1

1The Ohio State University, 2Auburn University,
3Tulane University, 4Hanyang University, 5AT&T Labs Research



• Multi-Armed Bandits Framework
qStochastic Bandits At a Glance

• Motivations/Applications to Networking Problems
qStochastic Routing Problem
qReal-time Control Problem
qEdge Computing
qTask Scheduling Problem

• Variants of Bandits
qGraphical Bandits
qBoosting Bandits
qNon-stationary Bandits
qParameterized Clustering Bandits

• Conclusion
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• Repeated game between an agent and an environment

Multi-Armed Bandits Framework
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• Model
§ At each (discrete) time t, the agent plays action At from a set of K actions
§ The agent receives reward         , drawn from unknown distribution At

• Performance measure
§ Regret(loss)

§ Minimize regret = maximize total reward
• Regret lower bounds

§ Problem-dependent:                                               where     is expected reward  
§ Problem-independent: 

• Popular algorithms
§ Upper Confidence Bounds (UCB), Thompson Sampling, epsilon-greedy

Stochastic Bandits At a Glance
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• Stochastic Routing Problem
§ Action => routing path
§ Observation => random delay (link delay or end-to-end delay)
§ Reward => minus delay (or 1/delay, etc)
§ Statistics of delay is uknown

• Example

Applications to Networking Problems
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• Real-time Control Problem
§ Action => control
§ Reward => train the learner in reinforcement learning way
§ Real-time

• Example
§ Network function virtualization

o Want no delay due to control at each node
§ Security monitors with tracking ability

o Want no tracking failure due to slow decision
§ Physical layer channel selection

o Want to select within coherence time

Applications to Networking Problems

Time-sensitive applications 
require the algorithm to 

respond quickly

Boosting Bandits

Complexity vs Optimality



• Edge Computing
§ Make decisions on devices in the fog
§ Learning user pattern

• Example
§ Smartphone application management

o Want to close background applications
o Save energy without painful cold start

§ Update for perishable mobile content
o Want to pull the latest content
o Keep data fresh without draining energy

§ IoT services
o Want to suggest services actively
o Understand the master

Applications to Networking Problems

User preference or pattern 
may change over time

Non-stationary Bandits

Adaptive to changing env.



• Task Scheduling Problem
§ Make replications to be robust to straggling servers
§ Action => replication number
§ Reward => (minus) minimum service time
§ Servers with unknown service time distribution

• Example

Applications to Networking Problems

The outcome of playing one 
action implies some 

information about others

Parameterized Clustering Bandits

Handle correlations
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• What is graphical bandits?
§ A graph G over the actions, possibly known (or unknown) to the agent
§ An arc (i,j) means playing action i also observes one outcome of action j

• Graph theory review
§ Clique cover number
§ Independence number
§ Domination number

• Recap of stochastic bandits
§ Curse of dimensionality                   or 

• Why graphical bandits?
§ Reduce dependence on K to graph numbers

Graphical Bandits
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• Time-invariant bipartite graph setting
§ Known graph structure (otherwise, play each action once)
§ Action base-arm bipartite graph: model stochastic routing problem
§ Action => routing path
§ Base-arm => link

• UCB-LP/epsilon-greedy-LP algorithms
§ Dominating set (hitting set)
§ Explore on dominating set
§ LP relaxation of dominating set
§ Regret 
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• Numerical Results
§ Stochastic routing example
§ Reduce at least 75% regret 

of the state of the art
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• Time-variant graph setting
§ Unknown graph structure
§ Worst case: graph is generated by opponent. Never able to learn the graph
§ However, free side observations improves the learning performance.

• TS-N algorithm
§ Update posterior with all observations
§ Sampling                 where        is the posterior over actions that is optimal  
§ Problem-independent regret                                if graph is undirected

• TS-U algorithm
§ Sampling                                          
§ Mixing with uniform distribution allows exploring the graph
§ Problem-independent regret                                if graph is directed
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• Numerical Results
§ Bernoulli case in undirected graphs
§ Time-invariant case (left) and time-variant case (right)
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• Numerical Results
§ Bernoulli case in directed graphs
§ Time-invariant case (left) and time-variant case (right)
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• Time-variant graph setting (cont.)
§ What if the graph is known each time?

• Information Directed Sampling
§ Update posterior with all observations
§ Sampling actions according to                                    , that min. information ratio 

§ where     is graph information,     is expected regret,    is information gain.
§ IDS-N Enjoys same regret bound as TS-N, and better empirical performance.
§ Can be generalized to (Erdos-Renyi) random graph feedback
§ Relax the optimization problem => variants of IDS
§ However, more computation cost than TS-N.
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• Numerical Results
§ Bernoulli case 
§ Time-invariant case (left) and time-variant case (right)
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• Complexity vs Optimality Dilemma
§ Optimal algorithms involve optimization 

problems: kl-UCB
§ Simple algorithms are far from being 

optimal: UCB1
• UCBoost algorithms [4]

§ Ensemble a set of “weak” but closed-
form UCB-type algorithms

§ Offer trade-off between complexity and 
optimality with guarantees

Boosting Bandits

Table 1: Regret guarantee and computational complexity per arm per round of various algorithms

kl-UCB UCBoost(✏) UCBoost(D) UCB1

Regret/log(T ) O

✓P
a

µ⇤�µa

dkl(µa,µ⇤
)

◆
O

✓P
a

µ⇤�µa

dkl(µa,µ⇤
)�✏

◆
O

✓P
a

µ⇤�µa

dkl(µa,µ⇤
)�1/e

◆
O

✓P
a

µ⇤�µa

2(µ⇤�µa)
2

◆

Complexity unbounded O(log(1/✏)) O(1) O(1)

low-complexity optimal UCB algorithm, which has remained
open till now. In this work, we make the following contri-
butions to this open problem. (Table 1 summarizes the main
results.)

• We propose a generic UCB algorithm. By plugging a
semi-distance function, one can obtain a specific UCB
algorithm with regret guarantee (Theorem 1). As a by-
product, we propose two new UCB algorithms that are
alternatives to UCB1 (Corollary 1 and 2).

• We propose a boosting algorithm, UCBoost, which can
obtain a strong (i.e., with regret guarantee close to the
lower bound) UCB algorithm from a set of weak (i.e.,
with regret guarantee far away from the lower bound)
generic UCB algorithms (Theorem 2). By boosting a
finite number of weak generic UCB algorithms, we find
a UCBoost algorithm that enjoys the same complexity
as UCB1 as well as a regret guarantee that is 1/e-close
to the kl-UCB algorithm (Corollary 3)1. That is to say,
such a UCBoost algorithm is low-complexity and near-
optimal under the Bernoulli case.

• We propose an approximation-based UCBoost algo-
rithm, UCBoost(✏), that enjoys ✏-optimal regret guaran-
tee under the Bernoulli case and O(log(1/✏)) computa-
tional complexity for each arm at each round for any
✏ > 0 (Theorem 3). This algorithm provides a non-
trivial trade-off between complexity and optimality.

Related Work. There are other asymptotically optimal
algorithms, such as Thompson Sampling [Agrawal and
Goyal, 2012], Bayes-UCB [Kaufmann et al., 2012] and
DMED [Honda and Takemura, 2010]. However, the com-
putations involved in these algorithms become non-trivial
in non-Bernoulli cases. First, Bayesian methods, including
Thompson Sampling, Information Directed Sampling [Russo
and Van Roy, 2014; Liu et al., 2017] and Bayes-UCB, require
updating and sampling from the posterior distribution, which
is computationally difficult for models other than exponen-
tial families [Korda et al., 2013]. Second, the computational
complexity of DMED policy is larger than UCB policies be-
cause the computation involved in DMED is formulated as
a univariate convex optimization problem. In contrast, our
algorithms are computationally efficient in general bounded
support models and don’t need the knowledge of prior infor-
mation on the distributions of the arms.

Our work is also related to DMED-M proposed by Honda
and Takemura [2012]. DMED-M uses the first d empirical
moments to construct a lower bound of the objective func-
tion involved in DMED. As d goes to infinity, the lower
bound converges to the objective function and DMED-M

1Note that e is the natural number

converges to DMED while the computational complexity in-
creases. However, DMED-M has no explicit form when
d > 4 and there is no guarantee on the regret gap to the op-
timality for any finite d. Unlike DEMD-M, our UCBoost al-
gorithms can provide guarantees on the complexity and regret
performance for arbitrary ✏, which offers a controlled tradeoff
between complexity and optimality.

Agarwal et al. [2017] proposed a boosting technique to ob-
tain a strong bandit algorithm from the existing algorithms,
that is adaptive to the environment. However, our boosting
technique is specifically designed for stochastic setting and
hence allows us to obtain near-optimal algorithms that have
better regret gurantees than those obtained using the boosting
technique by Agarwal et al. [2017].

2 Preliminaries
We consider a stochastic bandit problem with finitely many
arms indexed by a 2 K , {1, . . . ,K}, where K is a positive
integer. Each arm a is associated with an unknown probabil-
ity distribution va over the bounded support2 ⇥ = [0, 1]. At
each time step t = 1, 2, . . . , the agent chooses an action At

according to past observations (possibly using some indepen-
dent randomization) and receives a reward XAt,NAt (t)

inde-
pendently drawn from the distribution vAt , where Na(t) ,Pt

s=1

{As = a} denotes the number of times that arm a
was chosen up to time t. Note that the agent can only observe
the reward XAt,NAt (t)

at time t. Let ¯Xa(t) be the empirical
mean of arm a based on the observations up to time t.

For each arm a, we denote by µa the expectation of its
associated probability distribution va. Let a⇤ be any optimal
arm, that is a⇤ 2 argmaxa2K µa. We write µ⇤ as a shorthand
notation for the largest expectation µa⇤ and denote the gap of
the expected reward of arm a to µ⇤ as �a = µ⇤ � µa. The
performance of a policy ⇡ is evaluated through the standard
notion of expected regret, defined at time horizon T as

R⇡
(T ) =

X

a2K
�aE[Na(T )]. (1)

The goal of the agent is to minimize the expected regret.
Now, we introduce the concept of semi-distance functions,

which measure the distance between two expectations of ran-
dom variables over ⇥, and show several related properties.
Definition 1. (Candidate semi-distance) A function d : ⇥ ⇥
⇥ ! R is said to be a candidate semi-distance function if

1. d(p, p)  0, 8p 2 ⇥;

2. d(p, q)  d(p, q0), 8p  q  q0 2 ⇥;

3. d(p, q) � d(p0, q), 8p  p0  q 2 ⇥.

2If the supports are bounded in another interval, rescale to [0,1].
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What is Stochastic Bandit?

reward

action

• Repeated game between agent and 
environment with random rewards

Complexity vs Optimality

• UCBoost connect the dots smoothly 

Gap to optimality

C
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kl-UCB

UCB1

UCBoost(  )

UCBoost(D)

Boosting!

UCBoost

✏
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• UCB kernel is a distance function d
P (d) : max

q2⇥
q

s.t. d(p, q)  �
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• UCBoost ensemble a set D of 
distance functions (i.e. UCBs) by 
taking the minimum.

• For each d in D, P(d) closed-form

Why taking the minimum?
Philosophy of voting:
• If the ordering is known, follow the 

leader. No majority vote.
• UCBoost takes the minimum, thus 

the tightest UCB.
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Geometric view of UCBoost:
• The kernel of UCBoost is
• Take the minimum = solve

max

d2D
d
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Numerical Results
Table 1: Regret guarantee and computational complexity per arm per round of various algorithms
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low-complexity optimal UCB algorithm, which has remained
open till now. In this work, we make the following contri-
butions to this open problem. (Table 1 summarizes the main
results.)

• We propose a generic UCB algorithm. By plugging a
semi-distance function, one can obtain a specific UCB
algorithm with regret guarantee (Theorem 1). As a by-
product, we propose two new UCB algorithms that are
alternatives to UCB1 (Corollary 1 and 2).

• We propose a boosting algorithm, UCBoost, which can
obtain a strong (i.e., with regret guarantee close to the
lower bound) UCB algorithm from a set of weak (i.e.,
with regret guarantee far away from the lower bound)
generic UCB algorithms (Theorem 2). By boosting a
finite number of weak generic UCB algorithms, we find
a UCBoost algorithm that enjoys the same complexity
as UCB1 as well as a regret guarantee that is 1/e-close
to the kl-UCB algorithm (Corollary 3)1. That is to say,
such a UCBoost algorithm is low-complexity and near-
optimal under the Bernoulli case.

• We propose an approximation-based UCBoost algo-
rithm, UCBoost(✏), that enjoys ✏-optimal regret guaran-
tee under the Bernoulli case and O(log(1/✏)) computa-
tional complexity for each arm at each round for any
✏ > 0 (Theorem 3). This algorithm provides a non-
trivial trade-off between complexity and optimality.

Related Work. There are other asymptotically optimal
algorithms, such as Thompson Sampling [Agrawal and
Goyal, 2012], Bayes-UCB [Kaufmann et al., 2012] and
DMED [Honda and Takemura, 2010]. However, the com-
putations involved in these algorithms become non-trivial
in non-Bernoulli cases. First, Bayesian methods, including
Thompson Sampling, Information Directed Sampling [Russo
and Van Roy, 2014; Liu et al., 2017] and Bayes-UCB, require
updating and sampling from the posterior distribution, which
is computationally difficult for models other than exponen-
tial families [Korda et al., 2013]. Second, the computational
complexity of DMED policy is larger than UCB policies be-
cause the computation involved in DMED is formulated as
a univariate convex optimization problem. In contrast, our
algorithms are computationally efficient in general bounded
support models and don’t need the knowledge of prior infor-
mation on the distributions of the arms.

Our work is also related to DMED-M proposed by Honda
and Takemura [2012]. DMED-M uses the first d empirical
moments to construct a lower bound of the objective func-
tion involved in DMED. As d goes to infinity, the lower
bound converges to the objective function and DMED-M

1Note that e is the natural number

converges to DMED while the computational complexity in-
creases. However, DMED-M has no explicit form when
d > 4 and there is no guarantee on the regret gap to the op-
timality for any finite d. Unlike DEMD-M, our UCBoost al-
gorithms can provide guarantees on the complexity and regret
performance for arbitrary ✏, which offers a controlled tradeoff
between complexity and optimality.

Agarwal et al. [2017] proposed a boosting technique to ob-
tain a strong bandit algorithm from the existing algorithms,
that is adaptive to the environment. However, our boosting
technique is specifically designed for stochastic setting and
hence allows us to obtain near-optimal algorithms that have
better regret gurantees than those obtained using the boosting
technique by Agarwal et al. [2017].

2 Preliminaries
We consider a stochastic bandit problem with finitely many
arms indexed by a 2 K , {1, . . . ,K}, where K is a positive
integer. Each arm a is associated with an unknown probabil-
ity distribution va over the bounded support2 ⇥ = [0, 1]. At
each time step t = 1, 2, . . . , the agent chooses an action At

according to past observations (possibly using some indepen-
dent randomization) and receives a reward XAt,NAt (t)

inde-
pendently drawn from the distribution vAt , where Na(t) ,Pt

s=1

{As = a} denotes the number of times that arm a
was chosen up to time t. Note that the agent can only observe
the reward XAt,NAt (t)

at time t. Let ¯Xa(t) be the empirical
mean of arm a based on the observations up to time t.

For each arm a, we denote by µa the expectation of its
associated probability distribution va. Let a⇤ be any optimal
arm, that is a⇤ 2 argmaxa2K µa. We write µ⇤ as a shorthand
notation for the largest expectation µa⇤ and denote the gap of
the expected reward of arm a to µ⇤ as �a = µ⇤ � µa. The
performance of a policy ⇡ is evaluated through the standard
notion of expected regret, defined at time horizon T as

R⇡
(T ) =

X

a2K
�aE[Na(T )]. (1)

The goal of the agent is to minimize the expected regret.
Now, we introduce the concept of semi-distance functions,

which measure the distance between two expectations of ran-
dom variables over ⇥, and show several related properties.
Definition 1. (Candidate semi-distance) A function d : ⇥ ⇥
⇥ ! R is said to be a candidate semi-distance function if

1. d(p, p)  0, 8p 2 ⇥;

2. d(p, q)  d(p, q0), 8p  q  q0 2 ⇥;

3. d(p, q) � d(p0, q), 8p  p0  q 2 ⇥.

2If the supports are bounded in another interval, rescale to [0,1].
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• Theoretical bounds

• Bernoulli case

(a) Bernoulli scenario 1 (b) Bernoulli scenario 2 (c) Beta scenario

Figure 1: Regret of the various algorithms as a function of time in three scenarios.

Table 2: Average computational time for each arm per round of various algorithms.

Scenario kl-UCB UCBoost(✏) UCBoost(✏) UCBoost(✏) UCBoost({dbq, dh, dlb}) UCB1
✏ = 0.01(0.001) ✏ = 0.05(0.005) ✏ = 0.08

Bernoulli 1 933µs 7.67µs 6.67µs 5.78µs 1.67µs 0.31µs
Bernoulli 2 986µs 8.76µs 7.96µs 6.27µs 1.60µs 0.30µs

Beta 907µs 8.33µs 6.89µs 5.89µs 2.01µs 0.33µs

because the Hellinger distance between µa and µ⇤ is much
larger than the l

2

distance in this scenario. So UCB(dh) en-
joys better regret performance than UCB1 in this scenario.

Second, UCBoost({dbq, dh, dlb}) performs as ex-
pected and is between UCB1 and kl-UCB. Although
the gap between UCB1 and kl-UCB becomes larger
when compared to Bernoulli scenario 1, the gap between
UCBoost({dbq, dh, dlb}) and kl-UCB remains. This ver-
ifies our result in Corollary 3 that the gap between the
constants in the regret guarantees is bounded by 1/e. This
result also demonstrates the power of boosting in that
UCBoost({dbq, dh, dlb}) performs no worse than UCB(dh)
and UCB(dbq) in all cases.

Third, UCBoost(✏) algorithm fills the gap between
UCBoost({dbq, dh, dlb}) and kl-UCB, which is consistent
with the results in Bernoulli scenario 1. The regret of
UCBoost(✏) matches with that of kl-UCB when ✏ = 0.001.
Compared to the results in Bernoulli scenario 1, we need
more accurate approximation for UCBoost when the expecta-
tions are lower. However, this accuracy is moderate compared
to the requirements in numerical methods for kl-UCB.
Beta Scenario. Our results in the previous sections hold for
any distributions with bounded support. In this scenario, we
consider K = 9 arms with Beta distributions. More precisely,
each arm 1  i  9 is associated with Beta(↵i,�i) distribu-
tion such that ↵i = i and �i = 2. Note that the expectation
of Beta(↵i,�i) is ↵i/(↵i + �i). The regret results shown in

Figure 1c are consistent with that of Bernoulli scenario 1.
Computational time. We obtain the average running time for
each arm per round by measuring the total computational time
of 10, 000 independent runs of each algorithms in each sce-
nario. Note that kl-UCB is implemented by the py/maBandits
package developed by Cappé et al. [2012], which sets accu-
racy to 10

�5 for the Newton method. The average computa-
tional time results are shown in Table 2. The average running
time of UCBoost(✏) that matches the regret of kl-UCB is no
more than 1% of the time of kl-UCB.

5 Conclusion
In this work, we introduce the generic UCB algorithm and
provide the regret guarantee for any UCB algorithm gener-
ated by a kl-dominated strong semi-distance function. Then,
we propose a boosting framework, UCBoost, to boost any set
of generic UCB algorithms. We find a specific finite set D,
such that UCBoost(D) enjoys O(1) complexity for each arm
per round as well as regret guarantee that is 1/e-close to the
kl-UCB algorithm. Finally, we propose an approximation-
based UCBoost algorithm, UCBoost(✏), that enjoys regret
guarantee ✏-close to that of kl-UCB as well as O(log(1/✏))
complexity for each arm per round. This algorithm bridges
the regret guarantee to the computational complexity, thus of-
fering an efficient trade-off between regret performance and
complexity for practitioners. By experiments, we show that
UCBoost(✏) can achieve the same regret performance as stan-

• Computation time

[4] Fang Liu, Sinong Wang, Swapna Buccapatnam and Ness Shroff, “UCBoost: A Boosting Approach 
to Tame Complexity and Optimality for Stochastic Bandits”, in IJCAI 2018.



• Understanding UCBoost
§ UCB kernel is a distance function d, associated with

o kl-UCB:

o UCB1:  
§ UCBoost ensembles a set D of distance functions (UCB-types algorithms) by 

taking the minimum
§ For each d in D, P(d) has closed-form solutions.

• UCBoost(D)
§ Ensemble a fixed (finite) set of distance functions

• UCBoost(  )
§ Ensemble an infinite set of step functions + one distance function
§ Bisection search

Boosting Bandits

P (d) : max

q2⇥
q

s.t. d(p, q)  �
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dkl(p, q) = p log
p

q
+ (1� p) log

1� p

1� q
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dsq(p, q) = 2(p� q)2
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✏
<latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit><latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit><latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit>



• Why taking the minimum?

• Philosophy of voting
§ Majority vote? No!
§ If the ordering is known, follow the leader.
§ UCBoost takes the minimum, thus the tightest

upper confidence bound.

• Geometric view of UCBoost
§ Kernel of UCBoost is
§ Taking the minimum = solving
§ The closer to KL divergence, the better regret  
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✏
<latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit><latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit><latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit> ✏

<latexit sha1_base64="VtERuh8kUklrAsJFtQ19b1sT8NE=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxWME1wSSJcxOepMhszPrzKwQlvyEFw8qXv0eb/6Nk4cQXwUNRVU33V1RKrixvv/hLSwuLa+sFtaK6xubW9ulnd1bozLNMGBKKN2MqEHBJQaWW4HNVCNNIoGNaHA59hv3qA1X8sYOUwwT2pM85oxaJzXbmBoulOyUytWKPwHxf5Evqwwz1Dul93ZXsSxBaZmgxrSqfmrDnGrLmcBRsZ0ZTCkb0B62HJU0QRPmk3tH5NApXRIr7UpaMlHnJ3KaGDNMIteZUNs3P72x+JfXymx8FuZcpplFyaaL4kwQq8j4edLlGpkVQ0co09zdSlifasqsi6g4H8L/JDiunFf865Ny7WKWRgH24QCOoAqnUIMrqEMADAQ8wBM8e3feo/fivU5bF7zZzB58g/f2Cblwj/Q=</latexit><latexit sha1_base64="VtERuh8kUklrAsJFtQ19b1sT8NE=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxWME1wSSJcxOepMhszPrzKwQlvyEFw8qXv0eb/6Nk4cQXwUNRVU33V1RKrixvv/hLSwuLa+sFtaK6xubW9ulnd1bozLNMGBKKN2MqEHBJQaWW4HNVCNNIoGNaHA59hv3qA1X8sYOUwwT2pM85oxaJzXbmBoulOyUytWKPwHxf5Evqwwz1Dul93ZXsSxBaZmgxrSqfmrDnGrLmcBRsZ0ZTCkb0B62HJU0QRPmk3tH5NApXRIr7UpaMlHnJ3KaGDNMIteZUNs3P72x+JfXymx8FuZcpplFyaaL4kwQq8j4edLlGpkVQ0co09zdSlifasqsi6g4H8L/JDiunFf865Ny7WKWRgH24QCOoAqnUIMrqEMADAQ8wBM8e3feo/fivU5bF7zZzB58g/f2Cblwj/Q=</latexit><latexit sha1_base64="VtERuh8kUklrAsJFtQ19b1sT8NE=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxWME1wSSJcxOepMhszPrzKwQlvyEFw8qXv0eb/6Nk4cQXwUNRVU33V1RKrixvv/hLSwuLa+sFtaK6xubW9ulnd1bozLNMGBKKN2MqEHBJQaWW4HNVCNNIoGNaHA59hv3qA1X8sYOUwwT2pM85oxaJzXbmBoulOyUytWKPwHxf5Evqwwz1Dul93ZXsSxBaZmgxrSqfmrDnGrLmcBRsZ0ZTCkb0B62HJU0QRPmk3tH5NApXRIr7UpaMlHnJ3KaGDNMIteZUNs3P72x+JfXymx8FuZcpplFyaaL4kwQq8j4edLlGpkVQ0co09zdSlifasqsi6g4H8L/JDiunFf865Ny7WKWRgH24QCOoAqnUIMrqEMADAQ8wBM8e3feo/fivU5bF7zZzB58g/f2Cblwj/Q=</latexit>

P (d) : max

q2⇥
q

s.t. d(p, q)  �
<latexit sha1_base64="PPAp5AJWMK3wZiWQaYLjrEJAGV4="></latexit><latexit sha1_base64="PPAp5AJWMK3wZiWQaYLjrEJAGV4="></latexit><latexit sha1_base64="PPAp5AJWMK3wZiWQaYLjrEJAGV4="></latexit>
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<latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit><latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit><latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit>
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<latexit sha1_base64="48eq9fyIL9Aul/JVazbe7LxayQI=">AAACBHicbVBNS8NAEN3Ur1q/qh71sFiEeimpCOqtqAePFYwtNCFsNpt26WYTdidiCb148a948aDi1R/hzX/j9uOgrQ8GHu/NMDMvSAXXYNvfVmFhcWl5pbhaWlvf2Nwqb+/c6SRTlDk0EYlqB0QzwSVzgINg7VQxEgeCtYL+5chv3TOleSJvYZAyLyZdySNOCRjJL+83XcEiqLoxefDz0OUSXw1DV/FuD478csWu2WPgeVKfkgqaoumXv9wwoVnMJFBBtO7U7RS8nCjgVLBhyc00Swntky7rGCpJzLSXj78Y4kOjhDhKlCkJeKz+nshJrPUgDkxnTKCnZ72R+J/XySA683Iu0wyYpJNFUSYwJHgUCQ65YhTEwBBCFTe3YtojilAwwZVMCPXZl+eJc1w7r9k3J5XGxTSNItpDB6iK6ugUNdA1aiIHUfSIntErerOerBfr3fqYtBas6cwu+gPr8wdkVJgQ</latexit><latexit sha1_base64="48eq9fyIL9Aul/JVazbe7LxayQI=">AAACBHicbVBNS8NAEN3Ur1q/qh71sFiEeimpCOqtqAePFYwtNCFsNpt26WYTdidiCb148a948aDi1R/hzX/j9uOgrQ8GHu/NMDMvSAXXYNvfVmFhcWl5pbhaWlvf2Nwqb+/c6SRTlDk0EYlqB0QzwSVzgINg7VQxEgeCtYL+5chv3TOleSJvYZAyLyZdySNOCRjJL+83XcEiqLoxefDz0OUSXw1DV/FuD478csWu2WPgeVKfkgqaoumXv9wwoVnMJFBBtO7U7RS8nCjgVLBhyc00Swntky7rGCpJzLSXj78Y4kOjhDhKlCkJeKz+nshJrPUgDkxnTKCnZ72R+J/XySA683Iu0wyYpJNFUSYwJHgUCQ65YhTEwBBCFTe3YtojilAwwZVMCPXZl+eJc1w7r9k3J5XGxTSNItpDB6iK6ugUNdA1aiIHUfSIntErerOerBfr3fqYtBas6cwu+gPr8wdkVJgQ</latexit><latexit sha1_base64="48eq9fyIL9Aul/JVazbe7LxayQI=">AAACBHicbVBNS8NAEN3Ur1q/qh71sFiEeimpCOqtqAePFYwtNCFsNpt26WYTdidiCb148a948aDi1R/hzX/j9uOgrQ8GHu/NMDMvSAXXYNvfVmFhcWl5pbhaWlvf2Nwqb+/c6SRTlDk0EYlqB0QzwSVzgINg7VQxEgeCtYL+5chv3TOleSJvYZAyLyZdySNOCRjJL+83XcEiqLoxefDz0OUSXw1DV/FuD478csWu2WPgeVKfkgqaoumXv9wwoVnMJFBBtO7U7RS8nCjgVLBhyc00Swntky7rGCpJzLSXj78Y4kOjhDhKlCkJeKz+nshJrPUgDkxnTKCnZ72R+J/XySA683Iu0wyYpJNFUSYwJHgUCQ65YhTEwBBCFTe3YtojilAwwZVMCPXZl+eJc1w7r9k3J5XGxTSNItpDB6iK6ugUNdA1aiIHUfSIntErerOerBfr3fqYtBas6cwu+gPr8wdkVJgQ</latexit>

d1
<latexit sha1_base64="Inbc64N22iqPYmmAXvoPt893o4Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lstu3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJfqCUbTSfdTzetWaW3dnIMvEK0gNCjR71a9ulLAs5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVSLST7QthWSm/p7IaWzMOA5tZ0xxaBa9qfif18mwfxnkQqUZcsXmi/qZJJiQ6d8kEpozlGNLKNPC3krYkGrK0KZTsSF4iy8vE/+sflV3785rjesijTIcwTGcggcX0IBbaIIPDAbwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AFq/jV8=</latexit><latexit sha1_base64="Inbc64N22iqPYmmAXvoPt893o4Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lstu3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJfqCUbTSfdTzetWaW3dnIMvEK0gNCjR71a9ulLAs5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVSLST7QthWSm/p7IaWzMOA5tZ0xxaBa9qfif18mwfxnkQqUZcsXmi/qZJJiQ6d8kEpozlGNLKNPC3krYkGrK0KZTsSF4iy8vE/+sflV3785rjesijTIcwTGcggcX0IBbaIIPDAbwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AFq/jV8=</latexit><latexit sha1_base64="Inbc64N22iqPYmmAXvoPt893o4Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lstu3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJfqCUbTSfdTzetWaW3dnIMvEK0gNCjR71a9ulLAs5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVSLST7QthWSm/p7IaWzMOA5tZ0xxaBa9qfif18mwfxnkQqUZcsXmi/qZJJiQ6d8kEpozlGNLKNPC3krYkGrK0KZTsSF4iy8vE/+sflV3785rjesijTIcwTGcggcX0IBbaIIPDAbwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AFq/jV8=</latexit>

d2
<latexit sha1_base64="st/vHNf51EH9VP/YhbBsju9J4rQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDabSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6jRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTP3WEyrNU/lgRhkGCe1LHnNGjZXuo169V6m6NXcGsky8glShQLNX+epGKcsTlIYJqnXHczMTjKkynAmclLu5xoyyIe1jx1JJE9TBeHbqhJxaJSJxqmxJQ2bq74kxTbQeJaHtTKgZ6EVvKv7ndXITXwZjLrPcoGTzRXEuiEnJ9G8ScYXMiJEllClubyVsQBVlxqZTtiF4iy8vE79eu6q5d+fVxnWRRgmO4QTOwIMLaMAtNMEHBn14hld4c4Tz4rw7H/PWFaeYOYI/cD5/AFxCjWA=</latexit><latexit sha1_base64="st/vHNf51EH9VP/YhbBsju9J4rQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDabSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6jRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTP3WEyrNU/lgRhkGCe1LHnNGjZXuo169V6m6NXcGsky8glShQLNX+epGKcsTlIYJqnXHczMTjKkynAmclLu5xoyyIe1jx1JJE9TBeHbqhJxaJSJxqmxJQ2bq74kxTbQeJaHtTKgZ6EVvKv7ndXITXwZjLrPcoGTzRXEuiEnJ9G8ScYXMiJEllClubyVsQBVlxqZTtiF4iy8vE79eu6q5d+fVxnWRRgmO4QTOwIMLaMAtNMEHBn14hld4c4Tz4rw7H/PWFaeYOYI/cD5/AFxCjWA=</latexit><latexit sha1_base64="st/vHNf51EH9VP/YhbBsju9J4rQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDabSbt0swm7G6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6jRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTP3WEyrNU/lgRhkGCe1LHnNGjZXuo169V6m6NXcGsky8glShQLNX+epGKcsTlIYJqnXHczMTjKkynAmclLu5xoyyIe1jx1JJE9TBeHbqhJxaJSJxqmxJQ2bq74kxTbQeJaHtTKgZ6EVvKv7ndXITXwZjLrPcoGTzRXEuiEnJ9G8ScYXMiJEllClubyVsQBVlxqZTtiF4iy8vE79eu6q5d+fVxnWRRgmO4QTOwIMLaMAtNMEHBn14hld4c4Tz4rw7H/PWFaeYOYI/cD5/AFxCjWA=</latexit>

dkl
<latexit sha1_base64="lNDyzncRcldzJK9FUtoylgQyKkA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMG2hDWWz2bRrN7thdyOU0P/gxYOKV3+QN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tMEeoTyaXqhlhTzgT1DTOcdlNFcRJy2gnHtzO/80SVZlI8mElKgwQPBYsZwcZK7WiQj/l0UK25dXcOtEq8gtSgQGtQ/epHkmQJFYZwrHXPc1MT5FgZRjidVvqZpikmYzykPUsFTqgO8vm1U3RmlQjFUtkSBs3V3xM5TrSeJKHtTLAZ6WVvJv7n9TITXwU5E2lmqCCLRXHGkZFo9jqKmKLE8IklmChmb0VkhBUmxgZUsSF4yy+vEv+ifl137y9rzZsijTKcwCmcgwcNaMIdtMAHAo/wDK/w5kjnxXl3PhatJaeYOYY/cD5/AEB9jxs=</latexit><latexit sha1_base64="lNDyzncRcldzJK9FUtoylgQyKkA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMG2hDWWz2bRrN7thdyOU0P/gxYOKV3+QN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tMEeoTyaXqhlhTzgT1DTOcdlNFcRJy2gnHtzO/80SVZlI8mElKgwQPBYsZwcZK7WiQj/l0UK25dXcOtEq8gtSgQGtQ/epHkmQJFYZwrHXPc1MT5FgZRjidVvqZpikmYzykPUsFTqgO8vm1U3RmlQjFUtkSBs3V3xM5TrSeJKHtTLAZ6WVvJv7n9TITXwU5E2lmqCCLRXHGkZFo9jqKmKLE8IklmChmb0VkhBUmxgZUsSF4yy+vEv+ifl137y9rzZsijTKcwCmcgwcNaMIdtMAHAo/wDK/w5kjnxXl3PhatJaeYOYY/cD5/AEB9jxs=</latexit><latexit sha1_base64="lNDyzncRcldzJK9FUtoylgQyKkA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMG2hDWWz2bRrN7thdyOU0P/gxYOKV3+QN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tMEeoTyaXqhlhTzgT1DTOcdlNFcRJy2gnHtzO/80SVZlI8mElKgwQPBYsZwcZK7WiQj/l0UK25dXcOtEq8gtSgQGtQ/epHkmQJFYZwrHXPc1MT5FgZRjidVvqZpikmYzykPUsFTqgO8vm1U3RmlQjFUtkSBs3V3xM5TrSeJKHtTLAZ6WVvJv7n9TITXwU5E2lmqCCLRXHGkZFo9jqKmKLE8IklmChmb0VkhBUmxgZUsSF4yy+vEv+ifl137y9rzZsijTKcwCmcgwcNaMIdtMAHAo/wDK/w5kjnxXl3PhatJaeYOYY/cD5/AEB9jxs=</latexit>

max(d1, d2)
<latexit sha1_base64="9l0AI7h7cuWFzPQvO6lUpwm/cjQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBPVW9OKxgrGFNoTNZtsu3d3E3U2xhP4OLx5UvPpnvPlv3LY5aOuDgcd7M8zMCxNGlXacb6uwsrq2vlHcLG1t7+zulfcPHlScSkw8HLNYtkOkCKOCeJpqRtqJJIiHjLTC4c3Ub42IVDQW93qcEJ+jvqA9ipE2kt/l6KkaBe5ZFNRPg3LFqTkz2MvEzUkFcjSD8lc3inHKidCYIaU6rpNoP0NSU8zIpNRNFUkQHqI+6RgqECfKz2ZHT+wTo0R2L5amhLZn6u+JDHGlxjw0nRzpgVr0puJ/XifVvUs/oyJJNRF4vqiXMlvH9jQBO6KSYM3GhiAsqbnVxgMkEdYmp5IJwV18eZl49dpVzbk7rzSu8zSKcATHUAUXLqABt9AEDzA8wjO8wps1sl6sd+tj3lqw8plD+APr8weNhpDX</latexit><latexit sha1_base64="9l0AI7h7cuWFzPQvO6lUpwm/cjQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBPVW9OKxgrGFNoTNZtsu3d3E3U2xhP4OLx5UvPpnvPlv3LY5aOuDgcd7M8zMCxNGlXacb6uwsrq2vlHcLG1t7+zulfcPHlScSkw8HLNYtkOkCKOCeJpqRtqJJIiHjLTC4c3Ub42IVDQW93qcEJ+jvqA9ipE2kt/l6KkaBe5ZFNRPg3LFqTkz2MvEzUkFcjSD8lc3inHKidCYIaU6rpNoP0NSU8zIpNRNFUkQHqI+6RgqECfKz2ZHT+wTo0R2L5amhLZn6u+JDHGlxjw0nRzpgVr0puJ/XifVvUs/oyJJNRF4vqiXMlvH9jQBO6KSYM3GhiAsqbnVxgMkEdYmp5IJwV18eZl49dpVzbk7rzSu8zSKcATHUAUXLqABt9AEDzA8wjO8wps1sl6sd+tj3lqw8plD+APr8weNhpDX</latexit><latexit sha1_base64="9l0AI7h7cuWFzPQvO6lUpwm/cjQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBPVW9OKxgrGFNoTNZtsu3d3E3U2xhP4OLx5UvPpnvPlv3LY5aOuDgcd7M8zMCxNGlXacb6uwsrq2vlHcLG1t7+zulfcPHlScSkw8HLNYtkOkCKOCeJpqRtqJJIiHjLTC4c3Ub42IVDQW93qcEJ+jvqA9ipE2kt/l6KkaBe5ZFNRPg3LFqTkz2MvEzUkFcjSD8lc3inHKidCYIaU6rpNoP0NSU8zIpNRNFUkQHqI+6RgqECfKz2ZHT+wTo0R2L5amhLZn6u+JDHGlxjw0nRzpgVr0puJ/XifVvUs/oyJJNRF4vqiXMlvH9jQBO6KSYM3GhiAsqbnVxgMkEdYmp5IJwV18eZl49dpVzbk7rzSu8zSKcATHUAUXLqABt9AEDzA8wjO8wps1sl6sd+tj3lqw8plD+APr8weNhpDX</latexit>

max

d2D
d

<latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit><latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit><latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit>
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✏
<latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit><latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit><latexit sha1_base64="ro97phRfhQVDYY93qu+r3a4UEZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJ+3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGiu1u5hqLhLZq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn907ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZPk/6XCEzYmwJZYrbWwkbUkWZsRFVbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADAwHP8ApvzqPz4rw7H/PWklPMHMIfOJ8/t/GP8w==</latexit> ✏

<latexit sha1_base64="VtERuh8kUklrAsJFtQ19b1sT8NE=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxWME1wSSJcxOepMhszPrzKwQlvyEFw8qXv0eb/6Nk4cQXwUNRVU33V1RKrixvv/hLSwuLa+sFtaK6xubW9ulnd1bozLNMGBKKN2MqEHBJQaWW4HNVCNNIoGNaHA59hv3qA1X8sYOUwwT2pM85oxaJzXbmBoulOyUytWKPwHxf5Evqwwz1Dul93ZXsSxBaZmgxrSqfmrDnGrLmcBRsZ0ZTCkb0B62HJU0QRPmk3tH5NApXRIr7UpaMlHnJ3KaGDNMIteZUNs3P72x+JfXymx8FuZcpplFyaaL4kwQq8j4edLlGpkVQ0co09zdSlifasqsi6g4H8L/JDiunFf865Ny7WKWRgH24QCOoAqnUIMrqEMADAQ8wBM8e3feo/fivU5bF7zZzB58g/f2Cblwj/Q=</latexit><latexit sha1_base64="VtERuh8kUklrAsJFtQ19b1sT8NE=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxWME1wSSJcxOepMhszPrzKwQlvyEFw8qXv0eb/6Nk4cQXwUNRVU33V1RKrixvv/hLSwuLa+sFtaK6xubW9ulnd1bozLNMGBKKN2MqEHBJQaWW4HNVCNNIoGNaHA59hv3qA1X8sYOUwwT2pM85oxaJzXbmBoulOyUytWKPwHxf5Evqwwz1Dul93ZXsSxBaZmgxrSqfmrDnGrLmcBRsZ0ZTCkb0B62HJU0QRPmk3tH5NApXRIr7UpaMlHnJ3KaGDNMIteZUNs3P72x+JfXymx8FuZcpplFyaaL4kwQq8j4edLlGpkVQ0co09zdSlifasqsi6g4H8L/JDiunFf865Ny7WKWRgH24QCOoAqnUIMrqEMADAQ8wBM8e3feo/fivU5bF7zZzB58g/f2Cblwj/Q=</latexit><latexit sha1_base64="VtERuh8kUklrAsJFtQ19b1sT8NE=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxWME1wSSJcxOepMhszPrzKwQlvyEFw8qXv0eb/6Nk4cQXwUNRVU33V1RKrixvv/hLSwuLa+sFtaK6xubW9ulnd1bozLNMGBKKN2MqEHBJQaWW4HNVCNNIoGNaHA59hv3qA1X8sYOUwwT2pM85oxaJzXbmBoulOyUytWKPwHxf5Evqwwz1Dul93ZXsSxBaZmgxrSqfmrDnGrLmcBRsZ0ZTCkb0B62HJU0QRPmk3tH5NApXRIr7UpaMlHnJ3KaGDNMIteZUNs3P72x+JfXymx8FuZcpplFyaaL4kwQq8j4edLlGpkVQ0co09zdSlifasqsi6g4H8L/JDiunFf865Ny7WKWRgH24QCOoAqnUIMrqEMADAQ8wBM8e3feo/fivU5bF7zZzB58g/f2Cblwj/Q=</latexit>

P (d) : max

q2⇥
q

s.t. d(p, q)  �
<latexit sha1_base64="PPAp5AJWMK3wZiWQaYLjrEJAGV4="></latexit><latexit sha1_base64="PPAp5AJWMK3wZiWQaYLjrEJAGV4="></latexit><latexit sha1_base64="PPAp5AJWMK3wZiWQaYLjrEJAGV4="></latexit>
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max

d2D
d

<latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit><latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit><latexit sha1_base64="4yGfIv5Pgb49/XNOEMDIUWsygxI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q2oB48VjC20sWw2m3bp7ibsbtQS+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nYXFpeWV1dJaeX1jc2u7srN7p5NMEeqThCeqFWJNOZPUN8xw2koVxSLktBkOLsd+84EqzRJ5a4YpDQTuSRYzgo2V7jsCP3XzqMMkuhpF3UrVrbkToHniFaQKBRrdylcnSkgmqDSEY63bnpuaIMfKMMLpqNzJNE0xGeAebVsqsaA6yCdXj9ChVSIUJ8qWNGii/p7IsdB6KELbKbDp61lvLP7ntTMTnwU5k2lmqCTTRXHGkUnQOAIUMUWJ4UNLMFHM3opIHytMjA2qbEPwZl+eJ/5x7bzm3pxU6xdFGiXYhwM4Ag9OoQ7X0AAfCCh4hld4cx6dF+fd+Zi2LjjFzB78gfP5A7d3kjE=</latexit>
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p
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✓
max

d2D
d

◆
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(a) Bernoulli scenario 1
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(b) Bernoulli scenario 2
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(c) Beta scenario

Figure 1: Regret of the various algorithms as a function of time in three scenarios.

Table 2: Average computational time for each arm per round of various algorithms.

Scenario kl-UCB UCBoost(✏) UCBoost(✏) UCBoost(✏) UCBoost({d
bq

, d
h

, d
lb

}) UCB1
✏ = 0.01(0.001) ✏ = 0.05(0.005) ✏ = 0.08

Bernoulli 1 933µs 7.67µs 6.67µs 5.78µs 1.67µs 0.31µs
Bernoulli 2 986µs 8.76µs 7.96µs 6.27µs 1.60µs 0.30µs

Beta 907µs 8.33µs 6.89µs 5.89µs 2.01µs 0.33µs

constants in the regret guarantees is bounded by 1/e. This
result also demonstrates the power of boosting in that
UCBoost({d

bq

, d
h

, d
lb

}) performs no worse than UCB(d
h

)
and UCB(d

bq

) in all cases.
Third, UCBoost(✏) algorithm fills the gap between

UCBoost({d
bq

, d
h

, d
lb

}) and kl-UCB, which is consistent
with the results in Bernoulli scenario 1. The regret of
UCBoost(✏) matches with that of kl-UCB when ✏ = 0.001.
Compared to the results in Bernoulli scenario 1, we need
more accurate approximation for UCBoost when the expec-
tations are lower. However, this accuracy is still moderate
compared to the requirements in numerical methods for kl-
UCB.

6.3 Beta Scenario

Our results in the previous sections hold for any distributions
with bounded support. In this scenario, we consider K = 9

arms with Beta distributions. More precisely, each arm 1 
i  9 is associated with Beta(↵

i

,�
i

) distribution such that
↵
i

= i and �
i

= 2. Note that the expectation of Beta(↵
i

,�
i

)
is ↵

i

/(↵
i

+ �
i

). The regret results of various algorithms are
shown in Figure 1c. The results are consistent with that of
Bernoulli scenario 1.

6.4 Computational time
We obtain the average running time for each arm per round by
measuring the total computational time of 10, 000 indepen-
dent runs of each algorithms in each scenario. Note that kl-
UCB is implemented by the py/maBandits package developed
by Cappé et al. [2012], which sets accuracy to 10

�5 for the
Newton method. The average computational time results are
shown in Table 2. The average running time of UCBoost(✏)
that matches the regret of kl-UCB is no more than 1% of the
time of kl-UCB.

7 Conclusion
In this work, we introduce the generic UCB algorithm and
provide the regret guarantee for any UCB algorithm gener-
ated by a kl-dominated strong semi-distance function. As
a by-product, we find two closed-form UCB algorithms,
UCB(d

h

) and UCB(d
bq

), that are alternatives to the tradi-
tional UCB1 algorithm. Then, we propose a boosting frame-
work, UCBoost, to boost any set of generic UCB algorithms.
We find a specific finite set D, such that UCBoost(D) en-
joys O(1) complexity for each arm per round as well as
regret guarantee that is 1/e-close to the kl-UCB algorithm.
Finally, we propose an approximation-based UCBoost algo-
rithm, UCBoost(✏), that enjoys regret guarantee ✏-close to that



• Computational Costs per arm per round

§ 1% computation cost of kl-UCB to achieve competitive regret
§ UCBoost(D) outperforms UCB1

Boosting Bandits(a) Bernoulli scenario 1 (b) Bernoulli scenario 2 (c) Beta scenario

Figure 1: Regret of the various algorithms as a function of time in three scenarios.

Table 2: Average computational time for each arm per round of various algorithms.

Scenario kl-UCB UCBoost(✏) UCBoost(✏) UCBoost(✏) UCBoost({dbq, dh, dlb}) UCB1
✏ = 0.01(0.001) ✏ = 0.05(0.005) ✏ = 0.08

Bernoulli 1 933µs 7.67µs 6.67µs 5.78µs 1.67µs 0.31µs
Bernoulli 2 986µs 8.76µs 7.96µs 6.27µs 1.60µs 0.30µs

Beta 907µs 8.33µs 6.89µs 5.89µs 2.01µs 0.33µs

because the Hellinger distance between µa and µ⇤ is much
larger than the l

2

distance in this scenario. So UCB(dh) en-
joys better regret performance than UCB1 in this scenario.

Second, UCBoost({dbq, dh, dlb}) performs as ex-
pected and is between UCB1 and kl-UCB. Although
the gap between UCB1 and kl-UCB becomes larger
when compared to Bernoulli scenario 1, the gap between
UCBoost({dbq, dh, dlb}) and kl-UCB remains. This ver-
ifies our result in Corollary 3 that the gap between the
constants in the regret guarantees is bounded by 1/e. This
result also demonstrates the power of boosting in that
UCBoost({dbq, dh, dlb}) performs no worse than UCB(dh)
and UCB(dbq) in all cases.

Third, UCBoost(✏) algorithm fills the gap between
UCBoost({dbq, dh, dlb}) and kl-UCB, which is consistent
with the results in Bernoulli scenario 1. The regret of
UCBoost(✏) matches with that of kl-UCB when ✏ = 0.001.
Compared to the results in Bernoulli scenario 1, we need
more accurate approximation for UCBoost when the expecta-
tions are lower. However, this accuracy is moderate compared
to the requirements in numerical methods for kl-UCB.
Beta Scenario. Our results in the previous sections hold for
any distributions with bounded support. In this scenario, we
consider K = 9 arms with Beta distributions. More precisely,
each arm 1  i  9 is associated with Beta(↵i,�i) distribu-
tion such that ↵i = i and �i = 2. Note that the expectation
of Beta(↵i,�i) is ↵i/(↵i + �i). The regret results shown in

Figure 1c are consistent with that of Bernoulli scenario 1.
Computational time. We obtain the average running time for
each arm per round by measuring the total computational time
of 10, 000 independent runs of each algorithms in each sce-
nario. Note that kl-UCB is implemented by the py/maBandits
package developed by Cappé et al. [2012], which sets accu-
racy to 10

�5 for the Newton method. The average computa-
tional time results are shown in Table 2. The average running
time of UCBoost(✏) that matches the regret of kl-UCB is no
more than 1% of the time of kl-UCB.

5 Conclusion
In this work, we introduce the generic UCB algorithm and
provide the regret guarantee for any UCB algorithm gener-
ated by a kl-dominated strong semi-distance function. Then,
we propose a boosting framework, UCBoost, to boost any set
of generic UCB algorithms. We find a specific finite set D,
such that UCBoost(D) enjoys O(1) complexity for each arm
per round as well as regret guarantee that is 1/e-close to the
kl-UCB algorithm. Finally, we propose an approximation-
based UCBoost algorithm, UCBoost(✏), that enjoys regret
guarantee ✏-close to that of kl-UCB as well as O(log(1/✏))
complexity for each arm per round. This algorithm bridges
the regret guarantee to the computational complexity, thus of-
fering an efficient trade-off between regret performance and
complexity for practitioners. By experiments, we show that
UCBoost(✏) can achieve the same regret performance as stan-



• What is non-stationary bandits?
§ The distributions associated with actions may change over time
§ Unknown change points
§ Model varying user preference

• Existing recipes in stochastic domain
§ Discounting: D-UCB [GM2011]
§ Sliding window: SW-UCB [GM2011]
§ Passively adaptive

• Change-detection based framework [5]
• CD-UCB: UCB with any CD algorithm
• CUSUM-UCB: Cumulative Sum as CD
• Actively adaptive

Non-stationary Bandits

[5] Fang Liu, Joohyun Lee and Ness Shroff, “A Change-Detection based Framework for Piecewise-
stationary Multi-Armed Bandit Problem”, in AAAI 2018.



• Change-detection based framework
• CD-UCB: develop a general UCB algorithm 

with any CD element
• CUSUM-UCB: develop a modified 

Cumulative Sum as CD element
• CUSUM-UCB enjoys the best known regret 

bound

Non-stationary Bandits

γT = number of changes up to time T



• Numerical Results
§ Flipping environment: 2 Bernoulli arms,                 , 

§ Switching environment:

Non-stationary Bandits

Parameter ∆
0 0.05 0.1 0.15 0.2 0.25 0.3

R
e

g
re

t

×104

0

0.5

1

1.5

2

2.5

D-UCB
SW-UCB
CUSUM-UCB

Time ×105
0 2 4 6 8 10

R
e

g
re

t

×105

0

0.5

1

1.5

2

2.5

3

3.5

Exp3.R
D-UCB
Rexp3
SW-UCB
Exp3.S
CUSUM-UCB
PHT-UCB

Flipping environment Switching environment

(a) Under the flipping environment (b) Under the switching environment
Figure 2: Regret over synthetic datasets

Remark 2. As shown in [10], the lower bound of the problem is ⌦(
p
T ). Our policy approaches the238

optimal regret rate in an order sense.239

Remark 3. For the SW-UCB policy, the regret analysis result is R⇡SW-UCB(T ) = O
⇣p

T�T log T
(�µT (i))

2

⌘
[10].240

If �µT (i) is a constant with respect to T , then
p
T�T log T term dominates and our policy achieves241

the same regret rate as SW-UCB. If �µT (i) goes to 0 as T increases, then the regret of CUSUM-UCB242

grows much slower than SW-UCB.243

Table 1 summarizes the regret upper bounds of the existing and proposed algorithms in the non-244

stationary setting when �µT (i) is a constant in T . Our policy has a smaller regret term with respect245

to �T compared to SW-UCB.246

6 Simulation Results247

We evaluate the existing and proposed policies in three non-stationary environments: two synthetic248

data (flipping and switching scenarios) and one real-world data from Yahoo! [25]. Yahoo! dataset249

collected user click traces for news articles. As reported in [14], we were unable to reproduce the250

results of Adapt-EvE in [13] that exploits the PHT test, due to the lack of algorithm description. Our251

PHT-UCB is similar to Adapt-EvE, but they are different in that Adapt-EvE ignores the issue of252

insufficient samples and includes other heuristic methods dealing with the detection points.253

In the simulation, the parameters h and ↵ are tuned around h = log(T/�T ) and ↵ =

p
�T

T log(T/�T )254

based on the flipping environment. We use the same parameters h and ↵ for CUSUM-UCB and255

PHT-UCB to compare the performances of CUSUM and PHT. Parameters are listed in Section G in256

the appendix. We take the average regret over 1000 trials for the synthetic data.257

Flipping Environment. We consider two arms (i.e., K = 2) in the flipping environment, where arm258

1 is stationary and the expected reward of arm 2 flips between two values. All arms are associated259

with Bernoulli distributions. In particular, µt(1) = 0.5 for any t  T and260

µt(2) =

⇢
0.5��, T

3

 t  2T
3

0.8, otherwise
. (12)

The two change points are at T
3

and 2T
3

. Note that � is equivalent to �µT (2)

. We let � vary261

within the interval [0.02, 0.3], and compare the regrets of D-UCB, SW-UCB and CUSUM-UCB to262

verify Remark 3. For this reason, results of other algorithms are omitted. As shown in Figure 2a,263

CUSUM-UCB outperforms D-UCB and SW-UCB. In addition, the gap between CUSUM-UCB and264

SW-UCB increases as � decreases.265

Switching Environment. We consider the switching environment, introduced by [14], which is266

defined by a hazard function, �(t), such that,267

µt(i) =

⇢
µt�1

(i), with probability 1� �(t)
µ ⇠ U [0, 1], with probability �(t)

. (13)

Note that U [0, 1] denotes the uniform distribution over the interval [0, 1]. In the experiments, we use268

the constant hazard function �(t) = �T /T . All the arms are associated with a Bernoulli distribution.269
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• Numerical Results
§ Yahoo! Front Page dataset

Non-stationary Bandits
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• Paper in preparation
• General idea:

§ Model correlations by clusters of actions
§ Goal 1: show lower bound result depends on number of clusters
§ Design algorithm that can aggregate the observations in each cluster
§ This involves joint maximum likelihood estimation
§ Goal 2: show upper bound result depends on number of clusters

• Why interesting? 
§ # of clusters << # of actions
§ Task scheduling problem: regret depends on “types” of servers

Parameterized Clustering Bandits
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